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Abstract
The paper introduces a geometrical method of NURBS curves deformation providing a perfect satisfaction
of N position constraints. The local in
uence of each constraint is controlled by a function de�ning a
speci�c deformation. The convergence of this iterative algorithm is proved and leads to an algebraic
formalization. The numerical stability of the process is very good and the generalization to all NURBS
surfaces or volumes is very easy.
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1. Introduction

B-Spline and NURBS are most often used to model objects. Modeling generally requires a lot of position
constraints to satisfy functional and geometrical needs. Thus the designer has to manipulate a lot of
control points, which is often very di�cult and tedious to pe rfectly satisfy all the required constraints.
In order to provide him/her several high level modeling tools, our work is focused on a geometric method
of NURBS curves deformations, which calculates the controlpoints position to satisfy several position
constraints on �xed parameters. After a short recall on NURBS, the present paper introduces a method
to exactly satisfy one position constraint on a �xed parameter and controlling its in
uence. The process
is extended to several constraints and an iterative algorithm is proposed. The convergence is proved by
an algebraic formalization. Finally, the last part presents an example of the method extensions applied
on NURBS surfaces.

2. NURBS Curves

Let C be a NURBS curve of degreep or N on U niform R ational B -Spline curve [1] is written:

C(u) =

n � 1X

i =0

N i;p (u)wi Pi

n � 1X

i =0

N i;p (u)wi

with

� n the number of control points.

� f Pi g the control points de�ning the control polygon.

� f wi g the weights of the control points. f wi g > 0.
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� f N i;p (u)g the B-Spline basis functions of degreep de�ned on the non decreasing sequenceU of
knots: U = f U0; :::; Up+ n g with 8i 2 [0; p + n � 1] Ui � Ui +1

Let us note:

Ri (u) =
wi N i;p (u)

n � 1X

k=0

wk Nk;p (u)

The expression ofC becomes :

C(u) =
n � 1X

i =0

Ri (u)Pi (1)

3. Satisfaction of One Constraint

3.1. Method

M

M̂

Figure 1: constraint to satisfy.

M = M̂

Figure 2: Ĉ: deformed curve.

Let M be a point of C as M = C(u). Let M̂ be a point, the aim of the method is to deformC to obtain
a curve Ĉ satisfying Ĉ(u) = M̂ . The choice of the parameteru is explained in section 3.2. LetG be the
constraint de�ned by:

1) a space constraint: curve C must go through point M̂ .

2) a parametric constraint: the matching betweenM̂ and a point of C must be performed on a speci�c
parameter u.

3) a localization constraint: every constraint has a speci�c in
uence onC and its control points. It is
de�ned by the function f (i ):

�
f : [0; n � 1] 7! R+

9i 2 [0; n � 1] / Ri (u)f (i ) 6= 0

Proposition 1 Let �! e =
���!
M M̂ , as proposed in [7], the displacement vector

��!
m(i ) applied to the control

point Pi and satisfying the constraint G is:

��!
m(i ) =

f (i )
n � 1X

k=0

[Rk (u)f (k)]

�! e (2)
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Proof: Let O be the origin of the frame.

����!
OĈ(u) =

n � 1X

i =0

[Ri (u)
��!
OP̂i ] with

��!
OP̂i =

��!
OPi +

��!
m(i )

=
n � 1X

i =0

�
Ri (u)(

��!
OPi +

��!
m(i ))

�

=
n � 1X

i =0

[Ri (u)
��!
OPi ] +

n � 1X

i =0

[Ri (u)
��!
m(i )]

=
����!
OC(u) +

n � 1X

i =0

[Ri (u)
��!
m(i )]

(3)

Using (2) we immediately obtain:

����!
OĈ(u) =

����!
OC(u) + �! e =

��!
OM̂ (4)

Remark 1 f (i ) is de�ned on R+ to warranty that the denominator of (2) is strictly positive (with no
negative weights attached to the control points). Nevertheless anyf (i ) can be used assuming:

n � 1X

k=0

[Rk (u)f (k)] 6= 0

The �gure 4 illustrates this remark with function f (i ) = cos(i ).

3.2. How to Find Parameter u
Constraint G must deform C to obtain Ĉ going through M̂ on a point whose parameter isu. Two options
can be considered to �nd this parameter: either u is �xed by the user and the constraint is strong; or
no further information is available about u and the process has to �nd the most adapted parameter. In
this last case, we consider that the most suitable part of thecurve to be deformed is the one which is the
nearest to M̂ . Thus, the chosenu minimizes the Euclidean distance betweenC(u) and M̂ . This kind of
problem is di�cult to solve because of possible local minima. Some heuristics can be used [3, 2], but if
there are more than one solution, the ambiguity can only be cancelled by the user.

3.3. In
uence of Function f (i )
Function f (i ) controls the in
uence of G on the control points of C. Using the samespacial constraint
(Fig. 3), C can be deformed into several di�erent Ĉ (Fig. 4, 5, 6) according to the applied function f (i ).
In order to respect the "natural" and local in
uence of the control points of C, a "natural" choice is
f (i ) = Ri (u) (Fig. 6). The new formulation of (2) becomes:

��!
m(i ) =

Ri (u)
n � 1X

k=0

[Rk (u)2]

�! e (5)

With such a choice, only the (p + 1) control points determining C on u are moved (Fig. 6). However, it
could be interesting to control the range of the deformationwithout being constrained by the degreep of
the curve. In order to smooth the in
uence of the control points of C, our proposal is to considerRi (u)
(i 2 [0; n � 1]) as a discrete signalR(u) and to apply a discrete convolution with any discrete �lter h.
Thus a new �ltered set of in
uence coe�cients f (i ) = eB i (u) is de�ned as:

eB (u) = h 
 R(u) , eB i (u) =
n̂X

k= � n̂

[h(n̂ + k)RI ( i + k ) (u)] (6)

with
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� h is a convolution mask [4] of size (2^n +1) and radius of in
uence n̂. A low pass �lter like a gaussian
�lter can be used. The �gures 7 and 8 illustrate the impact of t he size of a Gaussian �lter used for
the same constraint on a curve of degree 3 de�ned by 60 controlpoints.

� I (i ) is the function allowing the calculation of the convolution product at the extremities of the
curve (by control point repetition for example):

I (i ) =

8
<

:

n̂ 8i 2 [0; n̂ � 1]
i 8i 2 [n̂; n � n̂ � 1]

n � n̂ � 1 8i 2 [n � n̂; n � 1]

M̂

MC

Figure 3: curve to be deformed.

C

Figure 4: f (i ) = cos(i ).

C

Figure 5: Gaussian deformation.

C

Figure 6: "natural" deformation.

Thus, the in
uence of each control point Pi is expended according to the size and the shape of the mask
h used:

��!
m(i ) =

eB i (u)
n � 1X

k=0

[Rk (u) eBk (u)]

�! e (7)

Remark 2 The convolution process can be applied faster considering the nature of the mask. In the case
of a Gaussian mask, F.M. Waltz [9] suggests an e�cient methodusing �nite-state machines.

Remark 3 The convolution product h 
 R(u) can require a very long computing time if a large mask
is applied. To speed up this step, it is very interesting to use a fundamental property of signal process-
ing: "The process of convolution in the spatial domain is equivalent to a multiplication in the frequency
domain". The Fast Fourier Transform ( F F T ) [10] is used to convert the discrete data from the spatial
domain into the frequency domain and vice-versa (F F T � 1). Thus:

eB (u) = F F T � 1[ eR(u)]
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C

Figure 7: Gaussian mask:radius = 5

C

Figure 8: Gaussian mask:radius = 20

with
� eRi (u) = ĥi � F F T [R(u)] i

ĥ, which sizen, is de�ned for example by a frequency Gaussian mask of radiuŝn:

4. Generalization to N Constraints

In practice, more than one constraint must be satis�ed. We propose an iterative algorithm to extend this
last method and to satisfy N constraints.

4.1. Notation
� We consider N constraints Gj (j 2 [0; N � 1]) de�ned at parameter uj 2 [U0; Up+ n ] with a given

discrete �lter h(j ). Each Gj has to deform C to obtain C(uj ) = M̂ j . Remark that N � n is a
necessary condition to have a solution.

� Let �!ej;t =
�����!
M j;t M̂ j be the error vector associated withGj after t iterations ( t > 0) and Ct (uj ) = M j;t .

The initial error vector is �! ej = �!ej; 0 =
�����!
M j; 0M̂ j =

����!
M j M̂ j .

� Let E t =
N � 1X

j =0

k�!ej;t k2 be the total error after t iterations. The k�k2 norm has been considered to be

well-adapted to estimate the global error at the end of each step.

� Let us de�ne N vectors
��!
R(j ) of sizen:

��!
R(j ) =

0

B
B
B
@

R0(uj )
R1(uj )

...
Rn � 1(uj )

1

C
C
C
A

Each
��!
R(j ) is de�ned according to the B-Spline functions attached to the constraint Gj .

Proposition 2 8j 2 [0; N � 1] the
��!
R(j ) vectors are linearly independent if and only if:

Uj � uj � Uj + p+1 (0 � j � n � 1).

Proof: Let consider the limit case whereN = n and let Q be a matrix N � N such asQT =� ��!
R(0);

��!
R(1);� � � ;

������!
R(N � 1)

�
. To prove that the

��!
R(j ) vectors are linearly independent is equivalent

to prove that Q is an invertible matrix with Q is an invertible matrix , QT is an invertible matrix.
Thus, let � 0;� � � ; � n � 1 be de�ned such as� 0R0(uj ) + � 1R1(uj ) + � � � + � n � 1Rn � 1(uj ) = 0.
Let be r (u) = � 0R0(u) + � � � + � n � 1Rn � 1(u), we have to solve8j 2 [0; N � 1]: r (uj ) = 0.
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r (uj ) = � 0
w0N0(uj )

n � 1X

k=0

wk Nk (uj )

+ � � � + � n � 1
wn � 1Nn � 1(uj )
n � 1X

k=0

wk Nk (uj )

=
1

n � 1X

k=0

wk Nk (uj )

(� 0w0N0(uj ) + � � � + � n � 1wn � 1Nn � 1(uj )) = 0

By de�nition, 8j 2 [0; N � 1] and 8i 2 [0; n � 1]: N i (uj ) 6= 0. Using the Schoenberg-Whitney

theorem [5] we know that the
���!
N (j ) vectors de�ned by

���!
N (j )T =

�
R0(uj ); R1(uj );� � � ; Rn � 1(uj )

�
are

linearly independent if and only if Uj � uj � Uj + p+1 (0 � j � n � 1). So � 0w0N0(uj ) + � � � +
� n � 1wn � 1Nn � 1(uj ) = 0 if and only if 8i 2 [0; n � 1], � i wi = 0 and wi 6= 0 ) � i = 0.

� Let Pi;t be the control point i at the beginning of iteration t.

� Let P̂i;t = Pi;t +1 be the control point i after iteration t.

� Let us de�ne N vectors
��!
eB (j ) of sizen. Each eB i (j ) (with the "natural" deformation ( eB i (j ) = Ri (j ))

is the in
uence coe�cient of Gj on the control point Pi as:

��!
eB (j ) =

0

B
B
B
@

eB0(uj )
eB1(uj )

...
eBn � 1(uj )

1

C
C
C
A

� Let us de�ne
��!
B (j ) such as: B i (j ) =

j eB i (j )j

k
��!
eB(j )k1

.

This formulation of
��!
B (j ) provides it with the following properties:

1) B i (j ) � 0 8i 2 [0; n � 1] (nonnegativity).

2)
n � 1X

i =0

B i (j ) = 1 ; k
��!
B (j )k1 = 1 ) k

��!
B (j )k2 � 1.

Remark 4 The particular case
��!
B (j ) =

��!
R(j ) corresponds to the "natural" deformation.

� Let D be a matrix N � N de�ned by:

D j;k = h
��!
R(j );

���!
B (k)i =

n � 1X

i =0

[Ri (j )B i (k)]

D =

0

B
B
B
B
@

h
��!
R(0);

��!
B (0)i h

��!
R(0);

��!
B (1)i � � � h

��!
R(0);

������!
B (N � 1)i

h
��!
R(1);

��!
B (0)i h

��!
R(1);

��!
B (1)i � � � h

��!
R(1);

������!
B (N � 1)i

...
...

. . .
...

h
������!
R(N � 1);

��!
B (0)i h

������!
R(N � 1);

��!
B (1)i � � � h

������!
R(N � 1);

������!
B (N � 1)i

1

C
C
C
C
A

0 < D j;k � 1

� Let
���!
mt (i ) be the displacement applied toPi;t as:

���!
OP̂i;t =

���!
OPi;t +

���!
mt (i ) =

�����!
OPi;t +1 , P̂i;t = Pi;t +1 .
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4.2. Method
The method we propose consists in iteratively moving each control point. Each displacement has to
decrease the distance between the curve and all the constraints at each iteration. This iterative process
is stopped when the required accuracy is reached.
The displacement applied to each control pointPi at each iteration t is:

���!
mt (i ) =

1
N

N � 1X

j =0

B i (j ) ���!ej;t � 1 with t > 0 (8)

The iterative process can be stopped whenE t is considered to be small enough according to the user's
needs. Or it can be stopped when the di�erence of error�E between two iterations is considered small
(this notion is in the user's hands). The algorithm 1 implements this method and the �gure 9 illustrates
it using a B-Spline curve of degree 3 de�ned by 5 control points.

Algorithm 1 Satisfaction of N position constraints on a NURBS Curve.
Require: f declarationsg

- V :vector of 3 scalars.
- m:vector of n vectors of 3 scalars.

1: t  0 f iteration count initialization g

2: "  
N � 1X

j =0

kM̂ j � C (uj )k2 f current global error initialization g

3: Initialization of displacement vectors mi to
�!
0

4: Initialization of vectors B (j )
5: repeat
6: f computation of displacement vectorsg
7: for j = 0 to N � 1 do
8: V  M̂ j � C (uj ) f error to correctg
9: for i = 0 to n � 1 do

10: mi  mi + B i (j )V
11: end for
12: end for
13: f control polygon updateg
14: for i = 0 to n � 1 do
15: Pi  Pi +

mi

N
16: end for
17: t  t + 1 f iteration count updateg
18: f global error updateg
19: last"  "

20: "  
N � 1X

j =0

kM̂ j � C (uj )k2

21: until (j last" � " j< �E )

In practice, the method is smoothly running using (6) but, at the moment, its convergence is only proved

for the "natural" deformation (
��!
B (j ) =

��!
R(j )).

4.2.1. Algebraic Formulation
This previous recursive formulation can be formalized as analgebraic expression.
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( 5 matching constraintsE = 2 ; 471

t = 1

E1 = 2 ; 326

t = 2

E2 = 2 ; 198

t = 3

E3 = 2 ; 084

t = 4

E4 = 1 ; 981

t = 5

E5 = 1 ; 888

...

t = 2339

E2339 = 4 ; 79:10� 6

�! e0

�! e1

�! e2

�! e3

�! e4

Figure 9: Put in practice of the method on a B-Spline curve of degree 3 de�ned by 5 control points. h:
Linear Gaussian �lter ( radius = 3).

Proposition 3 The error vector on constraint Gj after t iterations can be calculated according to the
error vector after t � 1 iterations as:

�!ej;t = ���!ej;t � 1 �
N � 1X

k=0

1
N

h
��!
R(j );

���!
B (k)i ���!ek;t � 1 (9)

Proof: Let O be the origin of the frame.

�!ej;t =
�����!
M j;t M̂ j =

������!
Ct (uj )M̂ j =

���!
OM̂ j �

n � 1X

i =0

Ri (uj )
���!
OPi;t

=
���!
OM̂ j �

n � 1X

i =0

Ri (j )
h�����!
OPi;t � 1 +

�����!
mt � 1(i )

i

=
���!
OM̂ j �

n � 1X

i =0

Ri (j )
�����!
OPi;t � 1 �

n � 1X

i =0

Ri (j )
1
N

N � 1X

k=0

B i (k) ���!ek;t � 1

and
���!
OM̂ j �

n � 1X

i =0

Ri (j )
�����!
OPi;t � 1 =

��������!
Ct � 1(uj )M̂ j = ���!ej;t � 1

Thus �!ej;t = ���!ej;t � 1 �
N � 1X

k=0

1
N

n � 1X

i =0

Ri (j )B i (k) ���!ek;t � 1 which is exactly (9)
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Let S be a matrix N � N de�ned by S = I �
1
N

D:

S =

0

B
B
B
B
@

1 � 1
N h

��!
R(0);

��!
B (0)i � 1

N h
��!
R(0);

��!
B (1)i � � � � 1

N h
��!
R(0);

������!
B (N � 1)i

� 1
N h

��!
R(1);

��!
B (0)i 1 � 1

N h
��!
R(1);

��!
B (1)i � � � � 1

N h
��!
R(1);

������!
B (N � 1)i

...
...

. . .
...

� 1
N h

������!
R(N � 1);

��!
B (0)i � 1

N h
������!
R(N � 1);

��!
B (1)i � � � 1 � 1

N h
������!
R(N � 1);

������!
B (N � 1)i

1

C
C
C
C
A

Remark 5
�

0 < S j;j < 1 if j = k
� 1

N < S j;k < 0 otherwise

Thus equation (9) becomes:

�!ej;t =
N � 1X

k=0

Sj;k
���!ek;t � 1 (10)

Lemma 1 S is diagonalizable for the "natural" deformation.

Proof: If
��!
B (j ) =

��!
R(j ) then S is symmetric ) S is diagonalizable.

Proposition 4 The error vector at the t-th iteration can directly be calculated as follows:

�!ej;t =
N � 1X

k=0

�
St �

j;k
�! ek (11)

Proof: Let t > 0. Using (10), the proof is done by induction ont.

� Case oft = 1: �!ej; 1 =
N � 1X

k=0

Sj;k
��! ek; 0 =

N � 1X

k=0

Sj;k
�! ek

� If the hypothesis (11) holds for t, is it still true for t + 1 ?

���!ej;t +1 =
N � 1X

k=0

Sj;k
�!ek;t using the hypothesis (11)

=
N � 1X

l =0

Sj;l

N � 1X

k=0

�
St �

l;k
�! ek =

N � 1X

k=0

N � 1X

l =0

Sj;l
�
St �

l;k
�! ek =

N � 1X

k=0

�
St +1 �

j;k
�! ek

Using (8), the displacement applied toPi at iteration t > 0 is:

���!
mt (i ) =

1
N

N � 1X

j =0

B i (j )
N � 1X

k=0

�
St � 1�

j;k
�! ek (12)

Thus the total displacement applied to eachPi is:

��!
m(i ) = lim

t ! + 1

tX

l =1

���!
ml (i ) = lim

t ! + 1

tX

l =1

1
N

N � 1X

j =0

B i (j )
N � 1X

k=0

�
Sl � 1�

j;k
�! ek

=
1
N

N � 1X

j =0

B i (j )
N � 1X

k=0

"

lim
t ! + 1

tX

l =1

Sl � 1

#

j;k

�! ek

(13)

Proposition 5 The method converges to the correct solution if and only if: lim
t ! + 1

tX

l =1

Sl � 1 exists and is

�nite.



LSIS Research Report (UMR CNRS 6168) Marseille France 10

Proof: As
tX

l =1

Sl � 1 is a geometric series, it can be shown (see [6] for instance) that it converges if and

only if %(S) < 1 where%(S) is the spectral radius of S (largest eigenvalue ofS in absolute value).

Lemma 2 If %(S) is the spectral radius ofS, the next relation is true:

max
x 6=0

jhSx; xij
kxk2

2
� %(S) 8x 2 RN (14)

Proof: S is diagonalizable, so let beV the vector space built on the orthogonal basisd0; : : : ; dN � 1 of the

eigenvectors ofS. Thus, 8x 2 V; x =
N � 1X

i =0

x i di and the eigenvalues ofS are � 0; : : : ; � N � 1. Thus we have:

hSx; xi = hS
N � 1X

i =0

x i di ;
N � 1X

i =0

x i di i = h
N � 1X

i =0

Sxi di ;
N � 1X

i =0

x i di i

= h
N � 1X

i =0

� i x i di ;
N � 1X

i =0

x i di i =
N � 1X

i =0

� i x2
i

sincehdi ; dj i = 0 if i 6= j

jhSx; xij = j
N � 1X

i =0

� i x2
i j �

N � 1X

i =0

j� i jx2
i and j� i j � %(S)

� %(S)
N � 1X

i =0

x2
i � %(S)kxk2

2

Lemma 3 The maximum limit of equation (14) is reached.

Proof:
Let x0 the eigenvector whose associated eigenvalue� 0 corresponds to%(S), we have:

jhSx0; x0ij = jh� 0x0; x0 ij = j� 0jkx0k2
2 = %(S)kx0k2

2 that is:

jhSx0; x0ij
kx0k2

2
(15)

Corollary 1 According to (14) and (15), the spectral radius ofS is:

%(S) = max
x 6=0

jhSx; xij
kxk2

2
(16)

Thus the convergence condition becomes
jhSx; xij

kxk2
2

< 1 that is
jh(I � 1

N D)x; x ij
kxk2

2
< 1 which is equivalent

to prove:

0 <
hDx; x i
N kxk2

2
< 2 (17)

Let Q be the matrix N � n de�ned by
��!
R(j ) on each line as:

QT =
� ��!

R(0)
��!
R(1) � � �

������!
R(N � 1)

�

Let eQ be the matrix N � n de�ned by
��!
B (j ) on each line as:

eQT =
� ��!

B (0)
��!
B (1) � � �

������!
B (N � 1)

�
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Remark 6 According to the known properties of
��!
R(j ) and

��!
B (j ) we can deduce the next relations:

kQk1 = k eQk1 = 1 , kQk1 < N and k eQk1 < N .

Lemma 4 D = Q eQT is an invertible matrix for the "natural" deformation.

Proof: If
��!
B (j ) =

��!
R(j ), D = QQT is symmetric and positive, D is an invertible matrix.

Convergence condition (17) becomes:

0 <
hQ eQT x; x i

N kxk2
2

< 2 , 0 <
heQT x; QT xi

N kxk2
2

< 2 (18)

Lemma 5

0 <
heQT x; QT xi

N kxk2
2

8x 2 RN (19)

Proof: If
��!
B (j ) =

��!
R(j ) then heQT x; QT xi = hQT x; QT xi = kQT xk2

2 > 0 sincex 6= 0.

Lemma 6
kxk1

kxk2
�

p
N 8x 2 RN (20)

Proof: Let g be a function as: :RN 7! R = g(x) =
kxk1

kxk2
=

N � 1X

i =0

jx i j

vu
u
t

N � 1X

i =0

x2
i

, 8x 2 RN

The function g attains a maximum or a minimum when
@g(x)
@xj

= 0, 8j 2 [0; N � 1].

And
@g(x)
@xj

=

8
>>>>>><

>>>>>>:

1
kxk3

2

 
N � 1X

i =0

x2
i � j x j j

N � 1X

i =0

jx j j

!

; if x j > 0

0 ; if x j = 0

�
1

kxk3
2

 
N � 1X

i =0

x2
i � j x j j

N � 1X

i =0

jx j j

!

; if x j < 0

Thus,
@g(x)
@xj

= 0 if and only if x j = 0 or if
N � 1X

i =0

x2
i � j x j j

N � 1X

i =0

jx j j = 0 8x j 2 R� , j x j j =
kxk2

2

kxk1
.

So g (which is not de�ned on x =
�!
0 ) attains a maximum or a minimum when the absolute values of all

the elements ofx are equal each other but not to zero.

In this case, kxk1 = N jx j j and kxk2 =
q

Nx 2
j =

p
N jx j j )

kxk1

kxk2
=

N jx j j1p
N jx j j1

=
N

p
N

=
p

N .

The minimum or the maximum attains is
p

N . But, is it a maximum or a minimum ? To answer this
question it is enough to calculate a value fromg using an unspeci�ed x 6=

�!
0 :

Let N = 2 ) x 2 R2 and

x =
�

0
1

�

Thus kxk1 = 1 and kxk2 = 1 )
kxk1

kxk2
= 1 and 1 <

p
2 then

p
N is the maximum value of g(x),

8x 2 RN �
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Lemma 7
heQT x; QT xi

N kxk2
2

< 2 8x 2 RN (21)

Proof: Let us prove (21) for
��!
B (j ) =

��!
R(j ) and

��!
B (j ) 6=

��!
R(j ).

By (19) and by the Cauchy-Swartz inequality:

heQT x; QT xi
N kxk2

2
=

jheQT x; QT xij
N kxk2

2
�

k eQT xk2kQT xk2

N kxk2
2

and

kQT xk2 =

 
n � 1X

i =0

(QT x)2
i

! 1=2

=

0

B
@

n � 1X

i =0

0

@
N � 1X

j =0

QT
ij x j

1

A

2
1

C
A

1=2

�

�
�
�
�
�

n � 1X

i =0

N � 1X

j =0

Qji jx j j

�
�
�
�
�

�

�
�
�
�
�

N � 1X

j =0

jx j j

�
�
�
�
�

Since
n � 1X

i =0

Qji = kQk1 = 1

�
N � 1X

j =0

jx j j = kxk1

Similarly, k eQT xk2 � k xk1 since
n � 1X

i =0

eQji = k eQk1 = 1.

Thus
hDx; x i
N kxk2

2
=

jheQT x; QT xij
N kxk2

2
�

k eQT xk2kQT xk2

N kxk2
2

�
1
N

kxk2
1

kxk2
2

by equation (20),
kxk1

kxk2
�

p
N 8x 2 RN , thus

heQT x; QT xi
N kxk2

2
� 1 < 2

So by (19) and (21), we obtain 0<
hDx; x i
N kxk2

2
< 2 which proves that %(S) < 1 and thus the process is

convergent.

The limit of the geometric series can be calculated as lim
t !1

tX

l =1

�
Sl � 1�

= [ I � S]� 1

but S = I �
1
N

D ,
1
N

D = I � S thus:

lim
t !1

tX

l =1

�
Sl � 1�

=
�

1
N

D
� � 1

= ND � 1 (22)

Using (13) and (22) the total displacement to apply to Pi to satisfy all the constraints is:

��!
m(i ) =

1
N

N � 1X

j =0

B i (j )
N � 1X

k=0

�
ND � 1�

j;k
�! ek

Thus the algebraic formulation of the displacement appliedto each Pi is:

��!
m(i ) =

N � 1X

j =0

B i (j )
N � 1X

k=0

�
D � 1�

j;k
�! ek (23)

Proposition 6 Using (23), the �nal result of the deformation of C is Ĉ with Ĉ(uj ) = M̂ j 8j 2 [0; N � 1].
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Proof: Let O be the origin of the frame. Using equation (3):

����!
OĈ(uj ) =

����!
OC(uj ) +

n � 1X

i =0

h
Ri (j )

��!
m(i )

i
=

����!
OC(uj ) +

n � 1X

i =0

"

Ri (j )

 
N � 1X

l =0

B i (l )
N � 1X

k=0

�
D � 1�

l;k
�! ek

!#

=
����!
OC(uj ) +

N � 1X

l =0

n � 1X

i =0

Ri (j ) B i (l )
N � 1X

k=0

�
D � 1�

l;k
�! ek =

����!
OC(uj ) +

N � 1X

k=0

N � 1X

l =0

D j;l
�
D � 1�

l;k
�! ek

=
����!
OC(uj ) +

N � 1X

k=0

�
DD � 1�

j;k
�! ek =

����!
OC(uj ) +

N � 1X

k=0

I j;k
�! ek

=
����!
OC(uj ) + �! ej =

���!
OM̂ j

Which is exactly (4).

Equation (23) allows us to directly compute the �nal locatio n of eachPi . But this formulation entails to
compute D � 1 which is an unstable calculation and which requires a large computing time.
That is why we advise (8) to iteratively compute the di�erent locations ofPi which also add the advantage
to stop the process when a su�cient accuracy is reached. Numerical results of the example of �gure 9
are given in table 1:

Method Time (s) Final error (accuracy) Nb of iterations
Iterative < 0; 3 4; 79:10� 6 2339
Algebraic 0; 03 10� 13

Table 1: Numerical results on curves (P4 1.4Ghz, RAM:512Mb).

5. Generalization to Surfaces

Because of its geometric approach, the method can be extended to surfaces. The most important di�erence
is that for curves

��!
R(j ) and

��!
B (j ) are vectors instead of surfaces where they are matrix. The �gure 10 and

the table 2 show the �rst results on surfaces.

Figure 10: B-spline 60� 40, 3� 3-degree, 50 constraints, initialerror = 280; 315h: Linear Gaussian �lter
(radius = 10).
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Method Time (s) Final error (accuracy) Nb of iterations
Iterative 10; 079 1; 39:10� 4 1565
Algebraic 2; 797 10� 13

Table 2: Numerical results on surfaces (P4 1.4Ghz, RAM:512Mb).

6. Conclusion

The method introduced in this paper consists in initially deforming a NURBS curve satisfying one spatial
constraint. This deformation is realized with a control of the constraint in
uence using a chosen function.
The method is then generalized in order to satisfy several constraints by an iterative process. Currently,
the convergence proof is complete only for a "natural" deformation of the curve. The next steps of this
work are to complete the proof for general deformation on curves and to improve the speed of convergence
of the algorithm. In addition, by its geometrical approach, it seems possible to extend such an approach
to NURBS surfaces or volumes, but this is still work under progress.
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